The present work studies the isotropic and homogeneous turbulence for incompressible fluids through a specific Lyapunov analysis, assuming that the turbulence is due to the bifurcations associated to the velocity field.
I. INTRODUCTION
This work presents a study of isotropic and homogeneous turbulence for an incompressible fluid in an infinite domain. The analysis is mainly motivated by the fact that in turbulence the kinematics of the fluid deformation is subjected to bifurcations [1] and exhibits a chaotic behavior and huge mixing [2] , resulting to be much more rapid than the fluid state variables.
This characteristics implies that the accepted kinematical hypothesis for deriving the NavierStokes equations could require the consideration of very small length scales and times for describing the fluid motion [3] and therefore a very large number of degrees of freedom.
Other peculiar characteristics of the turbulence are the mechanism of the kinetic energy cascade, directly related to the relative motion of a pair of fluid particles [4, 5, 6, 7] and responsible for the shape of the developed energy spectrum, and the non-gaussian statistics of the velocity difference.
The present analysis assumes that the fluctuations of all the fluid state variables are the result of the bifurcations of the velocity field. The evolution in the time of these fluctuations is calculated with the Lyapunov analysis of the particle equations of motion.
The first part of the work deals with the representation of velocity difference between two fixed points of the space. This is analyzed with the Lyapunov theory studying the motion of the particles crossing the two points. This analysis gives an explanation of the mechanism of kinetic energy transfer between length scales and leads to the closure of the von Kármán-Howarth equation [6] . The obtained expression of the function K(r), which represents the inertia forces, is in terms of the longitudinal correlation function and its spatial derivative, and satisfies the conservation law which states that the inertia forces only transfer the kinetic energy [6, 7] .
In the second part, the statistics of the velocity difference is studied through the kinematics of the local deformation and the momentum equations. These momentum equations are expressed with respect to the referential coordinates which coincide with the material coordinates for a given fluid configuration [3] , whereas the kinematics of the local deformation is analyzed with the Lyapunov theory. The choice of the referential coordinates allows the velocity fluctuations to be analytically expressed in terms of the Lyapunov exponent of the local fluid deformation. The statistics of velocity difference is studied with the Fourier analysis of the velocity fluctuations, and an analytical expression for the velocity difference and for its PDF is obtained in case of isotropic turbulence. This expression incorporates an unknown function, related to the skewness, which is identified through the obtained expression of K(r). The velocity difference also requires the knowledge of the critical Reynolds number whose estimation is made in the Appendix B, where the order of magnitude is roughly determined through a qualitative analysis of the bifurcations of the velocity field. 
II. LYAPUNOV ANALYSIS OF THE RELATIVE MOTION: CLOSURE OF THE VON KÁRMÁN-HOWARTH EQUATION
In order to investigate the mechanism of the energy cascade, the properties of the relative equations of motion between fluid particles are here studied with the Lyapunov analysis. To this purpose, consider two fixed points of the space, X and X ′ (see Fig. 1 ) whose distance is r = |X ′ − X| and the motion of two fluid particles which at a given time t 0 , cross through X and X ′ . The equations of motion of these particles are
At t 0 , a toroidal volume Σ(t 0 ) is chosen which contains X and X ′ , whose geometry and position change according to the fluid motion. In Fig. 1 , S p r 2 and R are, respectively, the poloidal surface and the toroidal dimension of Σ which vary with time to preserve the volume. The velocity difference associated to X and X ′ is ∆u = u(X ′ , t) − u(X, t) and its components ∆u n ≡ u ′ n − u n and ∆u r ≡ u ′ r − u r , lay on S p and are normal and parallel to r, respectively, whereas u b is the average of the velocity components along the direction normal to S p . According to the theory [8] , for t > t 0 , the trajectories of the two particles are enclosed into Σ(t). For sake of simplicity and without loss of generality, we assume that R increases with time [8] . The Lyapunov analysis of Eqs. (1) leads to The equations of motion for Σ(t) preserve the volume and can be expressed in terms of the velocity components calculated at X and X ′ [9] . These are
In line with Lamb [9] , Eqs (3) and (4) represent, respectively, the continuity equation and the momentum equations which can be derived from the integral equations of balance over Σ. Into Eq.(4), ν is the kinematic viscosity, β = O(1) > 0 is a proper constant, and J is related to the time derivative of the kinetic energy and to the viscosity [9] . J is equal to zero when ν = 0.
Equations (3) and (4) are written in terms of the fluid properties calculated at X and X ′ , thus are referred to the Eulerian description of motion [3, 9] . Substituting Eq. (2) into Eqs. (3) and (4), one obtains
Since λ > 0, u b → 0. Equations (5) describe fluctuations of velocity difference caused by bifurcation of Eqs.
(1) and hold as long as X and X ′ are both enclosed into Σ(t). This condition is verified if t − t 0 does not exceed very much the order of magnitude of 1/λ [8] .
In order to obtain the closure of the von Kármán-Howarth equation, Eq. (5) enter the computation of the average of the physical quantity Υ:
where T ij = −pδ ij +νρ (∂u i /∂x j + ∂u j /∂x i ) is the stress tensor. The repeated indexes denote the summation with respect to the same indexes, which are i = r, n, b and j = r, n, b.
According to von Kármán [6] , Υ expresses that part of the inertia forces, responsible for the transferring of the kinetic energy between the several fluid regions, whose average only depends on the current value of the average kinetic energy. In the von Kármán-Howarth equation, the function K(r) is the average of Υ. The average is calculated on all the pairs of particles which cross through X and X ′ at the same time. Specifically, K(r) is determined substituting Eqs. (5) into Eq. (6), assuming the homogeneity and the isotropy and taking into account that Υ does not depend neither on ∂ u i u i /∂t, nor on [6, 7] . This immediately identifies
where u 2 = u i u i /3 and f and g are longitudinal and lateral velocity correlation functions.
Due to the fluid incompressibility, f and g are related each other through g = f + 1/2∂f /∂r (see Eq. (44), Appendix A), leading to the expression
Considering that K(r) does not directly depend on the viscosity, this expression can be also obtained at ν = 0. In this case [6] , and Eqs. (7) and (8) are again recovered. Equation (8) states that, the fluid incompressibility, expressed by g − f = 0, represents a sufficient condition to state that K(r) = 0. This latter is determined as soon as λ is known.
To calculate λ, it is convenient to express ∆u = u(X ′ , t) − u(X, t) in the Lyapunov basis of orthonormal vectors E ≡ (ε 1 , ε 2 , ε 3 ) associated to Eqs. (1) [10, 11] . The velocity difference
, satisfies the following equations, which hold for times whose order of magnitude do not exceed very much 1/λ [8, 12] 
wherer i , v i and v ′ i are, respectively, the components of X ′ − X, u(X, t) and u(X ′ , t) written in E. Then, r and ∆u r can be expressed in terms ofr and ∆v as
Into Eqs. (10), Q ≡ ((ε ij )) is the rotation matrix transformation from E to ℜ, where ε ij is the component of ε j along the coordinate direction i on ℜ, and ξ = (
The standard deviation of ∆u r is calculated from Eqs. (10), taking into account that ∆v ≈ λr and that Q is fluctuating depending on the pair paths:
Since λ is calculated as the average of the velocity increment per unit distance, it is constant with respect the statistics of ε ij and ε pq [11] , thus λ 2 ε ij ε pq = λ 2 ε ij ε pq . Furthermore, due to isotropy, the Lyapunov vectors fluctuate in such a way that ε ij ε pq = δ ij δ pq [11] . As the result, the standard deviation of the longitudinal velocity difference is
This standard deviation can be also expressed through the longitudinal correlation function
being u the standard deviation of the longitudinal velocity. The maximal Lyapunov exponent is calculated in function of f , from Eqs. (12) and (13) λ
Hence, substituting Eq. (14) into Eq. (8), one obtains the expression of K(r) in terms of the longitudinal correlation function
Thanks to the isotropy, K(r) is a function of r alone.
Equation (15) This is the consequence of the fact that, the kinetic energy, initially enclosed into Σ(t 0 ), at the end of the fluctuation is contained into Σ(t) whose dimensions are changed with respect to Σ(t 0 ) in agreement with the Lyapunov theory. This corresponds to a mechanism of the kinetic energy transferring between diverse regions of space which preserves the average values of the momentum and of the kinetic energy. Specifically, the analytical structure of Eq. (15) states that this mechanism consists of a flow of the kinetic energy from large to small scales which only redistributes the kinetic energy between wavelengths.
III. SKEWNESS OF VELOCITY DIFFERENCE PDF
The obtained expression of K(r) allows to determine the skewness of ∆u r [7] 
which is expressed in terms of the longitudinal triple correlation k(r), linked to K(r) by K(r) = u 3 (∂/∂r + 4/r) k(r) (also see Appendix A, Eq. (47)). Since f and k are, respectively, even and odd functions of r with f (0) = 1,
where the apex denote the derivative with respect to r. To obtain H 3 (0), observe that, near the origin, K behaves as
then, substituting Eq. (18) into K(r) = u 3 (∂/∂r + 4/r) k(r) and accounting for Eq. (17), one obtains
This value of H 3 (0) is a constant of the present analysis, which does not depend on the Reynolds number. This is in agreement with the several sources of data existing in the literature such as [7, 13, 14, 15] (and Refs. therein) and its value gives the entity of the mechanism of energy cascade.
IV. STATISTICAL ANALYSIS OF VELOCITY DIFFERENCE
As explained in this section, the Lyapunov analysis of the local deformation and some plausible assumptions about the statistics of velocity difference ∆u(r) ≡ u(X + r) − u(X) lead to determine all the statistical moments of ∆u(r) with only the knowledge of the function K(r) and of the value of the critical Reynolds number.
Starting from the momentum Navier-Stokes equations
consider the map χ : x 0 → x, which is the function that determines the current position x of a fluid particle located at the referential position x 0 [3] at t = t 0 . Equation (20) 
The Lyapunov analysis of the fluid strain provides the expression of this deformation in terms of the maximal Lyapunov exponent
where
is the maximal Lyapunov exponent and Λ i , (i = 1, 2, 3)
are the Lyapunov exponents. Due to the incompressibility,
If we assume that this deformation is much more rapid than ∂T kh /∂x 0p and ∂u k /∂x 0p u h , the velocity fluctuation can be obtained from Eq. (21), where ∂T kh /∂x 0p and ∂u k /∂x 0p u h are supposed to be constant with respect to the time
This assumption is justified by the fact that, according to Truesdell [3] , ∂T kh /∂x 0p − ∂u k /∂x 0p u h is a smooth function of time -at least during the period of a fluctuation-whereas the fluid deformation varies very rapidly in proximity of a bifurcation according to Eq. (22) .
The statistical properties of ∆u(r), are investigated expressing the velocity fluctuation,
given by Eq. (23), as the Fourier series
) are the components of velocity spectrum, which satisfy the Fourier transformed Navier-Stokes equations [7] ∂U p (κ)
All the components U(κ) ≈ ∂U(κ)/∂t/Λ are random variables distributed according to certain distribution functions, which are statistically orthogonal each other [7] .
Thanks to the local isotropy, u is sum of several dependent random variables which are identically distributed [7] , therefore u tends to a gaussian variable [16] , and U(κ) satisfies the Lindeberg condition, a very general necessary and sufficient condition for satisfying the central limit theorem [16] . This condition does not apply to the Fourier coefficients of ∆u. In fact, since ∆u is the difference between two dependent gaussian variables, its PDF could be a non gaussian distribution function. In x = 0, the velocity difference ∆u(r) ≡ (∆u 1 , ∆u 2 , ∆u 3 ) is given by
This fluctuation consists of the contributions appearing into Eq. (25): in particular, L
represents the sum of all linear terms due to the viscosity and B is the sum of all bilinear terms arising from inertia and pressure forces. P and N are, respectively, the sums of definite positive and negative square terms, which derive from inertia and pressure forces.
The quantity L + B tends to a gaussian random variable being the sum of statistically orthogonal terms [16, 17] , while P and N do not, as they are linear combinations of squares [17] . Their general expressions are [17] 
where P 0 and N 0 are constants, and η 1 , η 2 , ζ 1 and ζ 2 are four different centered random gaussian variables. Therefore, the fluctuation ∆u r of the longitudinal velocity difference can be written as
where ξ, η and ζ are independent centered random variables which have gaussian distribution functions with standard deviation equal to the unity. The parameter χ is a positive definite function of Reynolds number, whereas ψ 1 and ψ 2 are functions of space coordinates and the Reynolds number.
At the Kolmogorov scale ℓ, the order of magnitude of the velocity fluctuations is u K 2 τ /ℓ, with τ = 1/Λ and u K = ν/ℓ, whereas ψ 2 is negligible because is due to the inertia forces:
On the contrary, at the Taylor scale λ T , ψ 1 is negligible and the order of magnitude of the velocity fluctuations is
whereψ(r) = O(1), is a function which has to be determined.
Hence, the dimensionless longitudinal velocity difference ∆u r , is written as
The dimensionless statistical moments of ∆u r are easily calculated considering that ξ, η and ζ are independent gaussian variables
In particular, the third moment or skewness, H 3 , which is responsible for the energy cascade, is
For χ = 1, the skewness and all the odd order moments are different from zero, and for n > 3, all the absolute moments are rising functions of R λ , thus ∆u r exhibits an intermittency whose entity increases with the Reynolds number.
All the statistical moments can be calculated once the function χ(R λ ) and the value ofψ 0 are known. The expression of K(r) obtained in the first part of the work allows to identify H 3 (0) and then fixes the relationship between ψ 0 and χ(R λ )
where The PDF of ∆u r is expressed through the Frobenious-Perron equation
where ∆u r is calculated with Eq. (30), δ is the Dirac delta and p is a gaussian PDF whose average value and standard deviation are equal to 0 and 1, respectively.
For non-isotropic turbulence or in more complex cases with boundary conditions, the velocity spectrum could not satisfy the Lindeberg condition, thus the velocity will be not distrubuted following a Gaussian PDF, and Eq. (28) changes its analytical form and can incorporate more intermittant terms [16] which give the deviation with respect to the isotropic turbulence. Hence, the absolute statistical moments of ∆u r will be greater than those calculated with Eq. (30), indicating that, in a more complex situation than the isotropic turbulence, the intermittency of ∆u r can be significantly stronger.
V. RESULTS AND DISCUSSION
In order to obtain informations about the validity of the proposed analysis, several results are now presented. 
, whereas u(0) = 1. The dimensionless time of the problem is defined as
Equation (45) (50) and the kinetic energy was checked to be equal to the integral over κ of the energy spectrum. During the simulation, T (κ) must identically satisfy Eq.(52) (see Appendix A) which states that T (κ) does not modify the kinetic energy. According to the discretization of the Fourier space, the integral of T (κ) is calculated with the trapezes rule from 0 until to κ M , at each time step, therefore, the simulation will be considered to be accurate as long as 
At the end of several simulations, we obtain ∆r ≈ 0.8 ℓ, and, in this situation, the energy spectrum is here supposed to be fully developed. for r/λ T = O(1), whereas the maximum of |k| is about 0.05. These results are in very good agreement with the numerous data of the literature [7] which concern the evolution of correlation functions. Figure 4 shows the diagrams of E(κ) and T (κ) for the same times, where the dashed line in the plot of E(κ), represents the −5/3 Kolmogorov law [5] . The spectrums E(κ) and T (κ) vary with time according to Eqs. (15) and (51) Next, the Kolmogorov function Q(r) and Kolmogorov constant C, are determined with the proposed analysis, using the previous results of the simulation.
Following the Kolmogorov theory, the Kolmogorov function, which is defined as
is constant with respect to r, and is equal to 4/5 as long as r/λ T = O(1). As shown in Fig.   5 , fort = 0, the maximum of Q(r) is much greater than 4/5 and its variations with r/λ T can not be neglected. This is the consequence of the choice of the initial correlation function. At the successive times, the maximum of Q(r) decreases until to the final instants, where, with the exception of r/λ T ≈ 0, Q(r) exhibits variations which are less than those calculated at the previous times in a wide range of r/λ T , with a maximum which can be compared to 0.8.
The Kolmogorov constant C is also calculated by definition
This is here determined, as the value of C which makes the curve represented by Eq. (39) to be tangent to the energy spectrum E(κ) previously calculated. At end simulation, C ≃ 1.932, namely C and Q max agree with the corresponding quantities known from the literature. Reynolds number are both changed, so that the variations of H 3 and H 4 are associated to smaller distances, whereas the flatness at the origin is slightly less than that at t = 0.
Nevertheless, these variations correspond to higher r/λ T than those for t = 0, and also in this case, H 4 reaches the value of 3 more rapidly than H 3 tends to zero.
The PDFs of ∆u r are calculated with Eqs. 7a ) and according to the evolutions of H 3 and H 4 , the PDFs calculated at r/λ T = 0 and 1, are quite similar each other, whereas for r/λ T = 5, the PDF is almost a gaussian function. Toward the end of the simulation, (see Fig. 7b and c) , the two PDFs calculated at r/λ T = 0 and 1, exhibit more sizable differences, whereas for r/λ T = 5, the PDF differs very much from a gaussian PDF. This is in line with the plots of H 3 (r) and H 4 (r) of Fig.   6 .
Next, the spatial structure of ∆u r , given by Eq. (30), is analyzed using the previous [5] . Dashdotted lines are for Kolmogorov K62 data [19] . Dotted lines are for She-Leveque data [20] results of the simulation. According to the various works [19, 20, 21] , ∆u r behaves quite similarly to a multifractal system, where ∆u r obeys to a law of the kind ∆u r (r) ≈ r q where the exponent q is a fluctuating function of space. This implies that the statistical moments of ∆u r (r) are expressed through different scaling exponents ζ(P ) whose values depend on the moment order P , i.e.
(∆u r ) P (r) = A P r
These scaling exponents are here identified through a best fitting procedure, in the intervals (a P , a P +λ T ), where the endpoints a P are unknown quantities which have to be determined.
The location of these intervals depends on P and varies with the time. The calculation of the endpoints a P and of ζ P and A P is carried out through a minimum square method which for each moment order is applied to the following optimization problem
where ( ∆u P r ) are calculated with Eqs. (31). Figure 8 shows the comparison between the scaling exponents here obtained (continuous lines with solid symbols) and those of the Kolmogorov theories K41 [5] (dashed lines) and K62 [19] (dashdotted lines), and those given by She-Leveque [20] (dotted curves). At t = 0, the values of ζ(P ) are the result of the chosen initial condition. As the time increases, the correlation function changes causing variations in the statistical moments of ∆u r (r). As result, ζ(P ) gradually diminish and exhibit a variable slope which depends on the moment order P , until to reach the situation of Fig. 8b , where the simulation is just ended. The dimensionless moments of ∆u r (r) are changed. The plot of ζ(P ) shows that near the origin, ζ(P ) ≃ P/3, and that the values of ζ(P ) seem to be in agreement with the those proposed by She-Leveque. More in detail, Table I reports these scaling exponents in terms of the moments order, calculated fort = 0.63. These values are the consequence of the spatial variations of the skewness, calculated using Eq. (16), and of the quadratic terms due to the inertia and pressure forces into the expression of the velocity difference, which make (∆u r ) P a quantity quite similar to a multifractal system.
Other simulations with different initial correlation functions and Reynolds numbers have been carried out, and all of them lead to analogous results, in the sense that, at the end of the simulations, the diverse quantities such as Q(r), C and ζ(P ) are quite similar to those just calculated. For what concerns the effect of the Reynolds number, its increment determines a wider range of the wave-numbers where E(κ) is comparable with the Kolmogorov law and a smaller dissipation energy rate in accordance to Eq. (50).
In order to study the evolution of the intermittency vs. the Reynolds number, Table   II gives the first ten statistical moments of F (∂u r /∂r). These are calculated with Eqs.
(31) and (32), for R λ = 10.12, 100 and 1000, and are shown in comparison with those of a gaussian distribution function. It is apparent that a constant nonzero skewness of the longitudinal velocity derivative, causes an intermittency which rises with R λ (see Eq. (30)).
More specifically, Fig. 9 shows the variations of H 4 (0) and H 6 (0) (continuous lines) in terms of R λ , calculated with Eqs. (31) and (32), with H 3 (0) = −3/7. These moments are rising functions of R λ for 10 R λ 700, whereas for higher R λ these tend to the saturation and such behavior also happens for the other absolute moments. According to Eq. (31), in the interval 10 R λ 70, H 4 and H 6 result to be about proportional to R 0.34 λ and R
0.78
λ , respectively, and the intermittency increases with the Reynolds number until to R λ ≈ 700, where it ceases to rise so quickly.
This behavior, represented by the continuous lines, depends on the fact that ψ ≈ √ R λ , and results to be in very good agreement with the data of Pullin and Saffman [22] , for 10 R λ 100. Figure 9 can be compared with the data collected by Sreenivasan and Antonia [15] , which are here reported into Fig. 10 . These latter are referred to several measurements and simulations obtained in different situations which can be very far from the isotropy and homogeneity conditions. Nevertheless a comparison between the present results and those of Ref. [15] is an opportunity to state if the two data exhibit elements in common. According to Ref. [15] , the flatness monotonically rises with R λ with a rising rate which agrees with Eq. (32) for 10 R λ 60 (dashed line, Fig. 9 ), whereas the skewness seems to exhibit minor variations. Thereafter, H 4 continues to rise with about the same rate, without the saturation observed in Fig. 9 . The weaker intermittency calculated with the present analysis arise from the isotropy which makes the velocity fluctuation a gaussian random variable, while, as seen in sec. IV, without the isotropy condition, the flatness of velocity and of velocity difference can be much greater than that of the isotropic case.
Again, the obtained results are compared with the data of Tabeling et al [13, 14] , where, in an experiment using low temperature helium gas between two counter-rotating cylinders (closed cell), the authors measure the PDF of ∂u r /∂r and its moments. Also in this case the flow can be quite far from to the isotropy condition. In fact, these experiments pertain wallbounded flows, where the walls could importantly influence the fluid velocity in proximity of the probe. The authors found that the higher moments than the third order, first increase with R λ until to R λ ≈ 700, then exhibit a lightly non-monotonic evolution with respect to R λ , and finally cease their variations denoting a transition behavior (See Fig. 11 ). As far as the skewness is concerned, the authors observe small percentage variations. Although the isotropy does not describe the non-monotonic evolution near R λ = 700, the results obtained with Eq. (30) can be considered comparable with those of Refs. [13, 14] , resulting also in this case, that the proposed analysis gives a weaker intermittency with respect to Refs. [13, 14] .
The normalized PDFs of ∂u r /∂r are calculated with Eqs. (35) As well as in Ref. [14] , Figs. 4b and 4c give the PDF for R λ = 255, 416, 514, 1035 and 1553, where these last Reynolds numbers are calculated through the Kolmogorov function given in Ref. [14] , with H 3 (0) = −3/7. In particular, Fig. 12c represents the enlarged region of 
VI. CONCLUSIONS
The proposed analysis is based on the conjecture which states that the turbulence is caused by the bifurcations of the velocity field. The main limitation of this analysis is in an opportune range of wave-numbers.
5. For developed energy spectrums, the Kolmogorov function exhibits, in an opportune range of r, small variations much less than at the previous times, and its maximum is quite close to 4/5, whereas the Kolmogorov constant is about equal to 1.93. As the consequence, the maximal finite scale Lyapunov exponent and the diffusivity coefficient vary according to the Richardson law when the separation distance is of the order of the Taylor scale.
6. The analysis also determines the scaling exponents of the moments of the longitudinal velocity difference through a best fitting procedure. For developed energy spectrum, these exponents show variations with the moment order which seem to be consistent with those known from the literature. For isotropic turbulence R ij can be expressed as
f and g are, respectively, longitudinal and lateral correlation functions, which are
where u r and u n are, respectively, the velocity components parallel and normal to r, whereas r = |r| and u 2 = u 
The von Kármán-Howarth equation reads as follows [6, 7] ∂f ∂t = K u 2 + 2ν
where K is an even function of r, which is defined by the following equation [6, 7] r ∂ ∂r
and which can also be expressed as
where k is the longitudinal triple correlation function k(r) = u 2 r (x)u r (x + r) u 3
The boundary conditions of Eq. (45) are [6, 7] f (0) = 1, lim r→∞ f (r) = 0
The viscosity is responsible for the decay of the turbulent kinetic energy, the rate of which is [6, 7] 
This energy is distributed at different wave-lengths according to the energy spectrum E(κ)
which is calculated as the Fourier Transform of f u 2 , whereas the "transfer function" T (κ)
is the Fourier Transform of K [7] , i.e. which states that K does not modify the total kinetic energy. The rate of energy dissipation ε is calculated for isotropic turbulence as follows [7] ε = − 3 2
The microscales of Taylor λ T , and of Kolmogorov ℓ, are defined as (54)
IX. APPENDIX B: CRITICAL REYNOLDS NUMBER
The purpose of this appendix is to provide an estimation of the critical Reynolds number assuming that the turbulence is, in any case, fully developed, homogeneous and isotropic.
Thus, the obtained results are subjected to these assumptions.
To this end, consider now the equation of motion of a fluid particle dx/dt = u(x, t) and its fixed points which satisfy dx/dt = 0. We assume that the bifurcations cascade of this equation are expressed in terms of the characteristic scales by the asymptotic approximation [8] l n = l 1 α n−1
where α ≈ 2 [8, 23] , and l n represent the average distance between two branches of fixed points which born in the same bifurcation. Equation (55) is supposed to describe the route toward the chaos and is assumed to be valid until the onset of the turbulence. In this situation the minimum for l n can not be less than the dissipation length or Kolmogorov scale ℓ = (ν 3 /ε) 1/4 [1] , where l 1 gives a good estimation of the correlation length of the phenomenon [8, 12] which, in this case is the Taylor scale λ T . Thus, ℓ < l n < λ T , and
where N is the number of bifurcations at the beginning of the turbulence. Equation (56) gives the connection between the critical Reynolds number and number of bifurcations. In fact, the characteristic Reynolds numbers associated to the scales ℓ and λ T are R K = ℓu K /ν ≡ 1 and R λ = λ T u/ν, respectively, where u K = (νε) 1/4 is characteristic velocity at the Kolmogorov scale, and u = u i u i /3 is the velocity standard deviation [7] . For isotropic turbulence, these scales are linked each other by [7] λ T /ℓ = 15
In view of Eq. (56), this ratio can be also expressed through N, i.e.
Assuming that α is equal to the Feigenbaum constant (2.502...), the value R λ ≃ 1.6 obtained for N = 2 is not compatible with λ T which is the correlation scale, while the result R λ ≃
